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Abstract
In this paper, we study the crossing number of the circulant graph C(3k + 1; {1, k}) and prove that cr(C(3k + 1; {1, k}))= k + 1
for k3.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a simple graph with the vertex set V = V (G) and the edge set E = E(G).
The circulant graph C(n; S) is the graph with the vertex set V (C(n; S)) = {vi |0 in − 1} and the edge set
E(C(n; S)) = {vivj |0 in − 1, 0jn − 1, (i − j)mod n ∈ S}, S ⊆ {1, 2, . . . , n/2}.
A drawing is a mapping of a graph G into the plane. Vertices go into distinct nodes. An edge and its incident vertices
map into a homemorphic image of the closed interval [0, 1] with the relevant nodes as endpoints and the interior, an
arc, containing no node. A drawing is good if it satisﬁes (i) no two arcs incident with a common node have a common
point; (ii) no two arcs have more than one point in common; (iii) no arc has a self-intersection; and (iv) no three arcs
have a point in common.A common point of two arcs is a crossing. For a good drawingD, the total number of crossings
is denoted by v(D). The crossing number of the graph G, cr(G), is the minimum of v(D) among all good drawings D
of G. In a drawing D, if an edge is not crossed by any other edge, we say that it is clean in D; otherwise, we say that it
is crossed in D.
Computing the crossing number of a given graph is, in general, an elusive problem. In fact, determining the crossing
number of a graph is NP-complete [1], and exact values are known only for very restricted classes of graphs.
In [3], it is shown that the crossing number of C(n; {1, 3}) is n/3 + nmod 3 for n8. In [2], it is also shown that
the crossing number of cr(C(3k; {1, k}) is k for k3. In this paper, we study the crossing number of the circulant graph
C(3k + 1; {1, k}) for k3. We prove that
cr(C(3k + 1; {1, k})) = k + 1 for k3.
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2. Results
Lemma 2.1. cr(C(3k + 1; {1, k}))k + 1 for k3.
Proof. This follows from the drawing of Fig. 1. 
Let A and B be two disjoint subsets of E. In a drawing D, the number of crossings crossed by an edge in A and
another edge in B is denoted by vD(A,B). The number of the crossings crossed by two edges in A is denoted by
vD(A), then v(D) = vD(E). By counting the number of crossings in D, we have the following lemma.
Lemma 2.2. Let A,B,C be mutually disjoint subsets of E. Then,
vD(A,B ∪ C) = vD(A,B) + vD(A,C);
vD(A ∪ B) = vD(A) + vD(B) + vD(A,B).
Let E0 = {v0vk, vkvk+1}. For 1 ik, let Ei = {vi−1vi, vk+ivk+i+1, v2k+iv2k+i+1, vivk+i , vk+iv2k+i , v2k+ivi−1}.
Then {E0, E1, E2, . . . , Ek} is a partition of E, that is to say, E =⋃ki=0Ei and Ei ∩ Ej = for i = j .
We deﬁne fD(Ei) (0 ik) to be the function counting the number of crossings related to Ei in D as follows:
fD(Ei) = vD(Ei) +
∑
0 jk,j =i
vD(Ei, Ej )/2.
Observe that the value fD(Ei) is not necessarily integer. By Lemma 2.2, we can get
Lemma 2.3. v(D) =∑ki=0fD(Ei).
Lemma 2.4. cr(C(3k + 1; {1, k}))k + 1 for k3.
Proof. We will prove it by induction on k. For k = 3, from [3], we have cr(C(10; {1, 3})) = 4.
Now suppose for k4, cr(C(3(k − 1) + 1; {1, k − 1}))k. Let D be a drawing of C(3k + 1; {1, k}). Since
C(3k + 1; {1, k}) is non-planar, one of the edges in D must be crossed. That is to say, vivi+1 or vivi+k is crossed for
some i where 0 i3k. If vivi+1 is crossed for some i, we may assume that i = k. If vivi+k is crossed for some i, we
may assume that i = 0. By these assumptions, we have
fD(E0)0.5. (1)
Fig. 1.
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Fig. 2.
Fig. 3.
We claim that
fD(Ei)1 for all i = 1, . . . , k or v(D)k + 1. (2)
Therefore, if v(D)< k + 1, we have fD(Ei)1 for all i = 1, . . . , k by (2). Combining this with (1), by Lemma 2.3,
we have
v(D)k + 0.5.
These implies that k + 1>v(D)k + 0.5, which is absurd since v(D) is an integer.
Therefore, it sufﬁces to show that (2) is true. Suppose by contradiction that there exists i(1 ik) such that
fD(Ei)< 1. From the deﬁnition of fD , we have
vD(Ei) = 0. (3)
From (3), there are two possible drawings of Ei , which are shown in Fig. 2.
First suppose that Ei is drawn as in the right-hand side of Fig. 2. Then the edge vk+i+1v2k+i+1 must cross one of
the edges in Ei . By our assumption that fD(Ei)< 1, all edges in D other than vk+i+1v2k+i+1 do not cross the edges
in Ei . This implies that the paths v2k+i+1v2k+i+2 . . . v3kv0v1 . . . vi−2vi−1 must lie in the unbounded region of Ei . In
particular, v2k+i+2 lies in the unbounded region of Ei . On the other hand, vi+1 must lie in the bounded region of Ei .
Otherwise, vi+1vk+i+1 must cross one of the edges in Ei . Since v2k+i+2 and vi+1 lie in the different regions, the edge
vi+1v2k+i+2 must cross one of the edges in Ei , which is a contradiction.
Thus Ei must be drawn as in the left-hand side of Fig. 2.
Case 1: Suppose that fD(Ei)> 0. Since fD(Ei)< 1, from the deﬁnition of fD , exactly one of the edges in Ei is
crossed. First we consider that viv2k+i+1 is clean. Then Ei ∪ viv2k+i+1 must be drawn as in Fig. 3.
Denote the regions by a, b and c as in Fig. 3. Since the edges on the boundary of the region a are clean, that is, vivk+i ,
vk+iv2k+i , v2k+iv2k+i+1, viv2k+i+1 are clean, vk+i+2 must lie in the interior of the region a. Otherwise, vk+i+1vk+i+2
must cross one of the edges on the boundary of a, that is, vivk+i , vk+iv2k+i , v2k+iv2k+i+1 or viv2k+i+1 is crossed,
which is impossible. Since vk+i+2 lies in the interior of the region a, v2k+i+2 must also lie in the interior of the region
a. Otherwise, vk+i+2v2k+i+2 must cross the boundary of a. However, if v2k+i+2 lies in the interior of the region a, the
path v2k+i+2v2k+i+3 . . . v3kv0v1 . . . vi−2vi−1 must cross the boundary of a, which is also a contradiction.
Now consider that viv2k+i+1 is crossed.
Case 1.1: Suppose that one of the edges vi−1vi or vi−1v2k+i or vivk+i or v2k+iv2k+i+1 is crossed. We will produce
from D a drawing D∗, such that D∗ has less crossings than D and the number of crossings of D∗ is at least k. In order
to produce D∗ we draw a new edge connecting vertex vk+i+1 to vertex v2k+i quite close to the edges vk+i+1vk+i and
vk+iv2k+i without producing any additional crossing, this is possible because vk+i+1vk+i and vk+iv2k+i are clean in
D since exactly one of the edges in Ei is crossed.We delete the edges vivk+i , vk+iv2k+i , viv2k+i+1 and vk+i+1v2k+i+1
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Fig. 4.
from D which completes the construction of D∗. Since viv2k+i+1 is crossed in D and removed from D, we have that
v(D)v(D∗) + 1. We depict in Fig. 4 a drawing for the edges which are removed and added to D in order to deﬁne
D∗, and we observe that D∗ is a drawing of the subdivision of C(3(k − 1) + 1; {1, k − 1}). These facts imply that
v(D)cr(C(3(k − 1) + 1; {1, k − 1})) + 1 = k + 1.
Case 1.2: Suppose that one of the edges vk+ivk+i+1 or vk+iv2k+i is crossed. Analogously, we produce from D a
drawing D∗ with the same properties as in Case 1.1. We draw a new edge connecting v2k+i+1 to vi−1 quite close to
the edges vi−1v2k+i and v2k+iv2k+i+1 without producing any additional crossing, this is possible because vi−1v2k+i
and v2k+iv2k+i+1 are clean in D since exactly one of the edges in Ei is crossed. We delete the edges vivk+i , vk+iv2k+i
and viv2k+i+1 from D which completes the construction of D∗. Since viv2k+i+1 is crossed and is removed from D,
we have that v(D)v(D∗) + 1. We observe that D∗ is a drawing of the subdivision of C(3(k − 1) + 1; {1, k − 1}) as
well. These facts imply that v(D)cr(C(3(k − 1) + 1; {1, k − 1})) + 1 = k + 1.
Case 2: Suppose that fD(Ei) = 0. Since all the edges in Ei are clean, viv2k+i+1 does not cross the edge in Ei .
Then E ∪ viv2k+i+1 is drawn as in Fig. 3. If viv2k+i+1 is clean, then the boundary of a is clean. We follow the same
arguments presented in Case 1. If viv2k+i+1 is crossed, we can follow the same arguments presented in Case 1.1.
From all these cases, we have shown that (2) is true. 
According to Lemmas 2.1 and 2.4, we have the following:
Theorem 2.1. cr(C(3k + 1; {1, k})) = k + 1 for k3.
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